where A is the area of the extremal surface in the bulk, h is the intrinsic metric of the entangling surface, g is the metric of the boundary spacetime, X µ (d) is the coefficient of z d in the small-z expansion of the extremal surface coordinate, and the variation is taken with respect to the coordinate position of the entangling surface at a point. It is (1) that was apparently violated in [5] because of issues with IR divergences. * sleichen@gmail.com
The goal of this note is to show that there are natural IR regulators which preserve (1) and hence also the QNEC. A crucial principle is that a regulator should be a physical way of dealing with divergences, not just a mathematical trick. We will state the options now and define them more carefully below: 1 • Option 1: Make the region finite.
• Option 2: Put the system in a box.
Before continuing on, it is also worth noting that (1) is of general interest besides its utility in proving the QNEC. It essentially identifies X µ (d) as an entropy current. In Section III we will see that this current successfully captures the thermal entropy density in the appropriate limit, which is a nice consistency check.
II. GENERALITIES
In this section we'll discuss the derivation of (1), the potential issues associated with IR divergences, and how those issues can be dealt with. In the general setup, we choose an entangling surface Σ on the boundary and are instructed to find the bulk surface extremizing some appropriate entropy functional [10] [11] [12] [13] .
Consider the case where the entropy functional is of the form
where X µ (σ) are the embedding functions for the bulk surface and Ω represents the integration domain of the internal coordinates σ. The entropy contains divergencesboth UV and IR-that we can regulate by restricting the domain of integration to Ω ′ ⊂ Ω, later taking the limit Ω ′ → Ω. Divergences in the entropy are associated to noncompactness of the extremal surface, so in defining Ω ′ we should excise only those portions of Ω which map to infinity in the bulk. Extra unnecessary excisions complicate the discussion and will be assumed absent.
Shape deformations of Σ involve modifying the functions X µ (σ) so that they have new boundary conditions but still satisfy the equations of motion. Then the calculus of variations tells us that
where n i is normal to ∂Ω ′ . In the limit Ω → Ω ′ , the image of ∂Ω ′ will, by construction, limit to a union of points at infinity from the bulk point of view. Some of these points will constitute the original entangling surface Σ, while others may reach spatial infinity without returning to the boundary. This can happen, for example, if the extremal surface asymptotes to a noncompact black hole horizon. Those points are associated with IR divergences of the entropy.
By a slight abuse of notation, we can write the variation of the entropy as
where Σ ′ represents those parts of ∂Ω ′ which do not limit to Σ. The integration over Σ reproduces (1)-once the UV divergences are accounted for [9] -while the integration over Σ ′ is unwanted. Defining the integration over Σ ′ carefully, or otherwise dealing with it, is the job of an IR regulator. There are two obvious options, which we mentioned above and will now define:
• Make the region finite. Simply put, replace the entangling surface Σ by another one,Σ, which bounds a compact region and by construction does not have any IR divergences in the entropy. Do all calculations forΣ, then take limit whereΣ → Σ. Since (1) holds by construction forΣ it will remain true in the limit.
• Put the system in a box. Another possibility, which serves to regulate all IR divergences, including those of the entropy, is to place the entire system inside a large box and then take the size of the box to infinity at the end. More precisely, this means placing the field theory on a manifold with boundary (the "box"). The gravity dual of such a setup was discussed in [14, 15] , where it was argued that the walls of the box extend into the bulk in the form of a brane with certain boundary conditions. When calculating the entropy, one allows the extremal surface terminate on the brane in whatever way minimizes the entropy functional. We will not attempt a general analysis of this setup here, but we will see below in an example that the net effect is that the second term in (4) is eliminated as the IR regulator is taken to infinity.
In the remainder of this note we will work through an explicit example of a system with IR divergences in the entropy, and show how to regulate it using both of these methods.
III. AN EXAMPLE
An illustrative example is a cylindrical black hole in the bulk with metric
We choose our boundary region to be the strip x 0 < x < x 1 at some fixed time, so that the entangling surfaces are circles wrapping the 2π-periodic φ direction at x = x 0 and x = x 1 . The region with IR divergences that we are trying to regulate is the half-space x > x 0 , obtained by setting x 1 = ∞. This geometry was considered in [5] , and is qualitatively similar to the numerical example they constructed to violate the QNEC.
A. Make the Region Finite
First, we will consider the half-space in terms of the limit x 1 → ∞. For finite x 1 , we can write the extremal area functional as
where z m < z h is the maximal value of z that the surface reaches. The function x(z) satisfies
from which we find the near-boundary expansion
Variations of the area with respect to x 0 , for fixed x 1 , are easily obtained using the calculus of variations. 4 We
Here δx m refers to the change in the x coordinate of the surface at z = z m (keeping in mind that z m also varies with the surface). When x 1 is fixed, δx m = δx 0 /2 by symmetry and so we get our final answer. Happily, using (8) we see that this matches the integral of (1) over the φ circle. We'll also note that this answer has a very sensible physical interpretation in terms of entropy density. In the limit x 1 → ∞, we find that δS = −2πδx 0 /4Gz 2 h = −2πsδx 0 , where s is the thermal entropy density of the state. So we would conclude that the entropy of the halfspace x > x 0 changes by an amount equal to the gained or lost thermal entropy as a result of moving x 0 .
B. Put the System in a Box
Now let's consider setting x 1 = ∞ from the beginning. Then the area functional is
and the solutions satisfy
Formally speaking, we can plug this back in to the area functional to find
which now seems to have no dependence on x 0 at all, and hence would have zero variation. But since the area is IR divergent, we really should regulate it first before asking about its variation. The regulator we consider now is to place the field theory on a manifold with boundary (the "box") and take the limit of a very large box. The wall of the box is located at x = L, and we will take L → ∞ at the end. In [14, 15] it was argued that in the bulk there should be a brane anchored at x = L, z = 0, that extends into the bulk and effectively cuts off the bulk geometry. Extremal surfaces are allowed to end on the brane in whatever way minimizes the area. The brane may bend, which means that the position of the bulk cutoff will follow a trajectory x = x c (z). We will not assume much about this trajectory, other than that x c ∼ L for all z < z h .
The net effect of this regulator is that the integration range of (10) is terminated at z c < z h , where z c is the value of z where the extremal surface reaches x = x c . Using the calculus of variations one last time, we find
In the language of Section II, the δx 0 term is the Σ term of (4) and the δx c and δz c terms come from Σ ′ . We will see that the latter drop out as L → ∞.
The ratio δx c /δz c is determined by the shape of the brane at the point of intersection with the extremal surface. As L → ∞, we have z c → z h and this ratio should remain finite in that limit (it will be equal to zero if the brane sits at a constant x c = L). Another constraint comes from the shape of the extremal surface, namely that the difference x c − x 0 should be obtained by integrating (11) . This implies that
As z c → z h we have x ′ (z c ) → ∞, which means δx c , and consequently δz c , both go to zero. As a result, both of the unwanted terms in (13) disappear and we reproduce (9) .
Equation (13) is sufficiently general that we can use it to analyze the effects of an unmotivated, unphysical IR regulator as well, just to see what goes wrong. Suppose we place an imaginary cutoff surface at fixed z = z c , independent of x. Then x c in (13) represents the value of x at which the extremal surface intersects z c . Then δz c = 0 by definition and δx c = δx 0 by symmetry, so we find the naive answer δA = 0. However, the prescription to fix z c is not well-motivated, and also not a very general way to deal with divergences. If we decompactify the φ direction, for instance, then another IR divergence will appear that cannot be tamed this way.
IV. DISCUSSION
We have argued for two physically meaningful IR regulators for the entropy that preserve (1), which in turn allows one to prove the QNEC and gives rise to a natural physical interpretation of the thermal entropy density. The first regulator involved making the entangling region finite before calculating shape variations of the entropy, and then letting the size of the region go to infinity at the end. The second was to place the system in a box, which is a familiar way to regularize IR divergences in field theory. That prescription has the advantage of regulating all IR divergences, not just for the entropy, but has the disadvantage of being more technically involved due to the issue of boundary conditions on the box and, in the holographic case, the dynamics of the bounding brane. We did not attempt to provide a general proof that placing the system in a box preserved (1), but we showed how it worked in a particular example and the general case is likely similiar.
